The studies on monodomain magnetic nanoparticle systems in colloidal suspensions have heightened lately due to their technological applications, in particular in medicine. Most applications depend on the behaviour of these systems in external magnetic field. In these systems, the nanoparticle dynamics are characterized by the Néel relaxation time and Brownian relaxation time. Due to the complexity of these systems, modelling and numerical simulation, requiring some methods of calculation, are used in the studies. Lately, it has been experimentally and theoretically shown that the magnetic dipolar interactions among nanoparticles influence the behaviour of the systems, even at low concentrations of nanoparticles. The complexity of the problem related to this type of interaction comes from its long-range anisotropic characteristic. This paper presents a series of studies on how the approximation methods, used for the dipolar magnetic interaction energy calculation, affect the magnetic nanoparticle relaxation time, as well as the impact of this aspect on the interpretation of results.
Introduction
The magnetic nanoparticles (MNPs) are parts of magnetic materials with typical nanometrical size (usually <100 nm). They are naturally found in various materials, but can be also artificially made and used as the component of nanofluids, biomedical materials, permanent magnets, soft magnetic materials, etc. Their properties are very interesting, both from a scientific and a technological point of view. Some of the most important applications of the nanoparticles are: biomedical application, high density magnetic data storage media, magneto-optical switches, sensors based on giant magnetoresistance, etc.
The studies on monodomain MNPs systems in colloidal suspensions are recently becoming more and more numerous, since their use in medical applications such as: magnetic hyperthermia, magnetic resonance imaging, drug targeting, biomarkers, biosensors, and separation of biomolecules [1] [2] [3] . The applications in medical diagnostics and therapy require the magnetic nanoparticles be stable in water at neutral pH and physiological salinity. The system obtained under these conditions represents a magnetic nanofluid system. The most commonly used nanoparticles in biomedical applications are the iron-oxide nanoparticles Fe 3 O 4 and γ-Fe 2 O 3 [1] . The volume fraction of magnetic materials has usually just few percent.
The simulation and modelling are successfully used in science and engineering [1] [2] [3] [4] [5] [6] [7] [8] . Regarding the models which describe the magnetic behaviour of nanopar- * corresponding author; e-mail: matteo.cacciola@unirc.it ticle systems, the literature presents theoretical models and simulation models. Some theoretical models, such as Dormann-Bessais Fiorani and Morup-Tronc [9] , are generally applicable for weak interactions and use a series of approximations, more or less justified. However, they have the advantage to provide analytical expressions for extracting the system parameters. The simulation models offer an efficient simulation scheme and have the major advantage to rigorously treat the local and temporal fluctuations of the macroscopic quantities characterizing the system. The mostly used simulation methods are Monte Carlo [10] [11] [12] and the magnetization dynamics [4] . Between theoretical and simulation models, we can set the so-called stochastic-phenomenological models [13] [14] [15] [16] .
Regardless of the model adopted, a method to calculate the dipolar magnetic energy of the system and the local field on the nanoparticle is highly recommended. In fact, the role of dipolar interactions is really important in a number of applications, but still not well understood [17] . In this work, we propose a study about suitable modelling the calculation of the magnetic dipolar field or energy, with some discussion about the relationships between the simulation performances and the modelling parameters.
Long-range magnetic dipole interactions and calculation methods
Being the nanoparticles monodomainal, the quantummechanical exchange interaction between the electronic spins can keep all the atomic moments aligned. Therefore, the total magnetic moment µ i of the nanoparticle has the order of about 10 4 µ B [18] . Thus, each nanoparticle is characterized by a magnetic moment, which is usually given by [19] :
where M s is the spontaneous magnetization, v i is the particle volume andμ i is the unit vector of the magnetic moments. Let µ i be the magnetic moment of the nanoparticle i-th, and µ j the magnetic moment of the j-th nanoparticle with uniaxial anisotropy (Fig. 1 ). The energy of the dipolar magnetic interaction between two nanoparticles (i and j) is given by the equation
where r ij is the distance between the centres of those two nanoparticles,r ij is the versor of the direction that connects the nanoparticles i and j,μ i andμ j are the unit vectors of the magnetic moments of the nanoparticles i and j, and µ 0 is the magnetic permeability of vacuum ( Fig. 1) . Equation (2) can be written as follows:
H ijd is called local dipolar field due to the dipole-dipole magnetostatic interaction of the two nanoparticles. Since the nanoparticle i has a dipole-dipole magnetostatic interaction with all the other nanoparticles, the dipolar magnetic energy of the nanoparticle i and the local dipolar magnetic field acting on the nanoparticle i can be expressed as follows:
Hereinafter, we are going to discuss several methods for the dipolar magnetic energy approximate calculation, in order to numerically assess the provided results. Direct summation in Eqs. (5) and (6) is also named analytical (or "brute force") method.
2.1. "Approximation 1": the averaged method In some scientific papers, the configuration of randomly distributed nanoparticles, having magnetic moments and anisotropy axes aligned along the external magnetic field, is analyzed. In this case, the energy of the dipolar magnetic interaction between two nanoparticles (i and j) is given by the first term of Eq. (20) [20] :
Given Eq. (6), the local dipolar field can be expressed as
In this approximation called "Approximation 1", the dipolar magnetic energy of the nanoparticle i and the local dipolar field acting on the nanoparticle i are
where N is the number of nanoparticles in the system. This approximation is valid only in intense external magnetic fields, so that the axes of anisotropy and magnetic moments are aligned with the external magnetic field. On the contrary, very intense magnetic fields are not allowed in biomedical applications, because of interactions with organs and organic tissues [21] . Therefore, the range of values is usually between 11 kA/m to 30 kA/m.
2.2. "Approximation 2": the parallel particle-to-particle method Now, let us assume that [22, 23] :
1. adjacent magnetic moments of the nanoparticles are parallel; 2. the difference between the angles made by the magnetic moments of the nanoparticles with the direction connecting them is negligible;
3. the anisotropy axes are aligned with the external magnetic field.
In this situation, we obtain the approximation
where θ ij is the angle between r ij and the direction of magnetic moments. Because of Eqs. (3) and (4),
In our study, we call this approximation as "Approximation 2". In this case, the dipolar magnetic energy of the nanoparticle i and the local dipolar field acting on the nanoparticle i are
Please note that this kind of approximation assumes aligned magnetic anisotropy axes of the nanoparticles. It is an unrealistic approximation from a geometrical point of view, since it is difficult to make configuration specified in point 1 of the previous list for real-world cases-ofstudy.
"Approximation 3": the Dormann-Bessais-Fiorani method
Another approximation used in the theoretical models is the so-called Dormann-Bessais-Fiorani (DBF) approximation [9] , which we call "Approximation 3" in this study. In this approximation, the anisotropy easy axis is considered to be parallel with the z axis (Fig. 1) . Letû xij ,û yij andû zij be the components of the vector found in the right bracket of Eq. (4), andx ij ,ŷ ij and z ij , the components of the unit vector,r i j, with
(15) Then, referring to Fig. 1 :
To simplify the expression of the dipolar magnetic energy [24, 25] , DBF considered that the probabilities to find the magnetic moment of the j nanoparticle at (θ j , ϕ j ) and (θ j , ϕ j + π) are equal. Therefore, we can substitute H ijd with
It is equivalent with the mediation of ϕ j . By making this mediation in the components given by Eqs. (16)- (18), we obtain
where v ij is a vector with the components 3x ijẑij , 3ŷ ijẑij , 3ẑ
With Eqs. (19) , (3) and (4), the expression of the dipolar magnetic energy becomes
with P (α, β, γ, θ, ϕ) = 3αγ sin θ cos ϕ + 3βγ sin θ sin ϕ + 3γ 2 − 1 cos θ. By averaging again on ϕ i , i.e. by considering that the probabilities to find the magnetic moment of the nanoparticle i at (θ j , ϕ j ) and (θ j , ϕ j + π) are equal, we obtain
Then, the dipolar magnetic energy of the nanoparticle i and the local dipolar field act on the i-th particle (which has components only along the z axis) are
With this notation, we obtain
Since this approximation considers the case of aligned magnetic anisotropy axes of the nanoparticles, it is an unrealistic simplification of magnetic dipolar energy.
The Ewald summation method
The Ewald summation method, named after Paul Peter Ewald, is a method for computing long-range interaction in periodic systems. It was firstly developed as the method for calculating electrostatic energies of ionic crystals, and now it is commonly used for calculating longrange interactions in computational condensed matter. The Ewald summation replaces the summation of interaction energies in real space with an equivalent summation in Fourier space. In this method, the long-range interaction is divided into two parts: a short-range contribution, and a long-range contribution, which does not have singularity. The short-range contribution is calculated in a real-space, whereas the long-range contribution is calculated using a Fourier transform. The advantage of the Ewald summation is a rapid convergence of the energy compared with that of a direct summation. It means that the method has high accuracy and reasonable speed to compute long-range interactions. Moreover, this method does not involve simplifications regarding the geometry of the magnetic moments. The total paired potential energy of dipole-dipole interaction in a three dimensional periodic system is given by the following equation [26] :
where r ij = r i −r j . The sum over n is over all the simple cubic lattice points, n = (n x L, n y L, n z L), with n x , n y , n z , integers. The prime indicates that the i = j term must be omitted for n = 0. The Ewald method provides an efficient way to calculate E d , by splitting the problem into two convergent parts, one in real space and one in reciprocal space. The local magnetic field acting on the i-th nanoparticle is [26] :
The details of the method are discussed in the literature, some of the related references being [26] [27] [28] . This method has been widely applied in a number of papers, such as [29] [30] [31] .
Energy barriers and magnetic relaxation time
In 3D, in general, the energy of the i-th nanoparticle of the system in the local magnetic field H i = H id + H is [14] [15] [16] :
whereμ i is the unit vector in the direction of magnetic moment of the i-th nanoparticle,Ĥ i is the unit vector in the direction of local magnetic field acting on the i-th nanoparticle,ê i is the unit vector of the easy anisotropy axis of the i-th nanoparticle and K i,eff is the effective anisotropy constant of the i-th nanoparticle. In Ref. [32] it is supposed (without significant loss of generality) that the H i acts on the plane xOz. In this case, Eq. (26) in spherical coordinates is
The polar axis is the easy axis of the i-th nanoparticle. Ψ i is the angle between H i and the easy axis of the i-th nanoparticle, and finally 0 ≤ θ i ≤ π, 0 ≤ ϕ i ≤ 2π are the elevation and azimuth angles of the i-th particle in polar coordinates, respectively.
The stationary points of the energy occur for ϕ i = 0 and ϕ i = π. The stationary point for ϕ i = π corresponds to a maximum of E i (θ i , ϕ i ) in Eq. (27) , and so is not of our interest. The stationary points at ϕ i = 0, however, correspond to a saddle point of E i (θ i , ϕ i ).
Under these assumptions, we applied the two state model that provides analytical solutions for barriers at Ψ i = 0 and Ψ i = π/2. For other values of Ψ i , the solutions are approximated according to Pfeiffer [33] , taking into account the random anisotropy axes of the particles.
In case of Ψ i = 0 and weak local magnetic field (e.g. in medical applications), the magnetic moment of a given nanoparticle i can be in one of the two equilibrium states, with minimum energies determined by θ i = 0 or θ i = π. θ i is the angle between the easy axis and the i-th magnetic moment. These minima are separated by the maximum. The energy barriers for these re-orientations are
When the i-th magnetic moment is normally oriented on H i , Ψ i = π/2. In this case,
For other Ψ i values, in weak local magnetic field, we can apply the Pfeiffer approximation [33] and the lower energy barrier in accordance with this approximation
where
Please, we note H i as the norm of H i in Eqs. (28)- (31) .
In order to find the reversal probability, we use a stochastic model. It assumes that the rotations of magnetic moments due to the thermal fluctuations can be modelled through the equation of probability. In this way, it is possible to find the magnetic moments of the particles at the time t, in the equilibrium state (1 or 2). Let P 1i (t) and P 2i (t) be the probabilities to find the energy of the i-th particle into the state 1 or 2 at the time t, respectively. With ν i 12 and ν i 21 , we denote the probabilities of transition, in time unit, from the state 1 to the state 2 and vice versa, respectively. With these notations, we obtain [34, 35] :
provided the normalisation condition
where f 0 = 1/τ 0 is the attempt frequency of magnetic reversal, usually considered having a constant value f 0 = 10 9 s −1 . Thus, the Néel relaxation time τ i N for the particle i is given by
In the magnetic nanofluid, besides the Néel relaxation processes, there are Brownian relaxation processes. These relaxation processes are due to physical rotation of the nanoparticle in the base liquid. The Brownian relaxation time is given by [36] :
where r ih is hydrodynamic radius and η is the dynamic viscosity of the carrier liquid. We define an effective relaxation time [36] , in the form
4. Impact of methods in calculating the magnetic dipolar interaction energy on the relaxation time of a magnetic nanoparticle systems In order to assess the impact of methods in calculating the magnetic dipolar interaction energy on the relaxation time of a magnetic nanoparticle systems we develop a numerical calculation. The nanoparticles have been located within a base-centred cubic lattice. Among all the possible discrete positions, the particles have been centred in randomly selected suitable locations (e.g., Fig. 2 for  10 3 nanoparticles). The simulation box has been dimensioned according to the volume fraction of nanoparticles. We assumed periodic boundary conditions on all the sides of the simulation box. lognormal distribution motivated by experimental measurements [37] . Standard deviation for diameter is 0.2d m in our calculations. The most common type of magnetic nanoparticle anisotropy are: magnetocrystalline anisotropy or magnetic anisotropy, surface anisotropy, and shape anisotropy [17] . All these anisotropy have influence on the magnetic properties in different ways [38] . The total magnetic anisotropy of a spherical nanoparticle, characterized by that effective anisotropy constant, includes the contributions of surface and core of nanoparticle is given by the phenomenological expression [17] :
where K v is the magnetic anisotropy of the core (uniaxial for spherical nanoparticle), K s is the surface anisotropy of the nanoparticle and d is the diameter of the nanoparticle. According to Eq. (39), we considered a lognormal distribution of effective anisotropy constants with average µ K eff = 10 4 J/m 3 and standard deviation 0.1K eff . The intensity of the external magnetic field applied is 15 kA/m, which is typical for the magnetic hyperthermia applications. The analysed systems contain N = 10 3 and N = 10 4 nanoparticles, in a base fluid with the dynamic viscosity of 6×10 −3 Pa s, at the temperature T = 298 K. The nanoparticles' volume fraction varies between 0.02 and 0.1.
Multi-criteria analysis of the pseudorandom
number generators For accurate simulations, we also studied pseudorandom generators, according to the super decision model (Fig. 3 , based on the multi-criteria analytical hierarchy process (AHP) method [39, 40] .
We simulated an in-study case of 1000 particles by direct summation, taking into account the average Néel relaxation time (τ N ) in groups of 50 data, with 3 types of pseudorandom generators, presented in Table I , for various values of the seed [41] . The execution times have been recorded and are displayed in Table II . The alternatives representing the 3 types of random number generators can be ranked based on the obtained priorities. In fact, the three levels of the model contain nodes that define the elements of the problem, i.e. the purpose, the criteria, and possible alternatives, and are inter-connected in top-down direction. The level that includes the criteria is selected with equal importance weight, and the alternatives are assessed according to preferences in relation to the criteria. Once this hierarchical structure is defined, the elements on each level are analysed in a procedure for prioritizing, settling their relative importance on each level.
Two types of criteria are established in this analysis, i.e.:
• the numerical criteria (Time1, Time2 and Time3), representing the execution times resulted from the measurements made for each seed;
• the non-numerical criterion (quality), representing the approximate period in full precision.
Based on the AHP methodology, the determination of relative weights of criteria is made by comparing the alternatives two by two, relative to the objective found at the upper level of the hierarchy. The pairwise comparisons are performed by assessing the generators based on a scale from 1 to 9, as shown in Table III and representing the degree of importance. The result of quantification for these criteria (Priorities versus the Quality parameter) shown that the Mersenne Twister generator is firstly ranked and, then, it should be preferred than the MRG or MLFG in our simulations.
Results and discussions
After the selection of the suitable algorithm for generating random numbers, our first study involves the simulation of the average Néel relaxation timeτ N and the effective average relaxation timeτ eff at volume fractions ranging between 0.02 and 0.1. We exploited the four presented methods for calculating the dipolar magnetic interaction energy and compare with analytical (or "brute force") method, i.e. the calculation of local magnetic field on the nanoparticle.
We applied the Approximation 1, 2, 3, Ewald summation method and analytical (or "brute force") method with randomly oriented magnetic moments. The results are proposed in Fig. 4 . It is possible to note how the applied approximation method influences the results obtained forτ N andτ eff . It can be also seen that the "Approximation 1" and "Approximation 2" provide about the same results. Note that, if the calculation is performed with the Ewald summation method and "brute force" method,τ N (orτ eff ) decreases slightly with increasing volume fraction. We noted that the results obtained by Ewald summation method and by "brute force" methods are very similar. The slight decrease of relaxation time with the increase of volume fraction has been experimentally observed in dilute systems [8, 42, 24] , when the Möss-bauer spectroscopy measurements on weakly interacting γ-Fe 2 O 3 nanoparticles showed a decrease of the relaxation time with the increase of interparticle interaction. In studying the specific absorption rate (SAR) of a maghemite-based ferrofluid, Urtizberea et al. [43] measured 3 kA/m and 10 9 kHz at 315 K. The magnetic characterization of three different concentrations of this ferrofluid revealed a decrement of initial susceptibility values and Néel relaxation times with the increase of concentration. By using the four approximation methods presented in this paper, we simulated the average dipolar magnetic energy and the average energy barriers E b12 , E b21 , including the average effective energy barrier E bm = (E b12 + E b21 )/2 (Figs. 5, 6 ). Regarding the dipolar magnetic energy, since the method "Approximation 1" and "Approximation 2" provide the highest value for the dipolar magnetic energy, since they are working with aligned and parallel magnetic moments. The DormannBessais-Fiorani method ("Approximation 3") offers lower values, because it only considers the component of the local dipolar field along the direction of external magnetic field. Finally, the Ewald summation method gives lower dipolar magnetic energies, because we applied it in more general conditions, i.e., without imposing a preferred orientation of the easy axes and magnetic moments. Please note that the results obtained for dipolar magnetic energies by the Ewald summation method and by "brute force" method are very similar. Analysing the average energy barriers, we can see that there are no significant differences among the simulations performed by using the first three approximation methods. Instead, when working with the Ewald summation method in terms of random distribution of anisotropy easy axes, we used the Pfeiffer approximation for the energy barrier (Eq. (35)) [33] . Usage of "Approximation 1" and "Approximation 2" in case of random distribution of anisotropy easy axes is not suitable. There are many papers in the literature, especially related to magnetic hyperthermia, which not consider dipolar magnetic interactions or consider alignment of magnetic moments along the direction of the external magnetic field even in weak fields [44] [45] [46] . Actually, the oriented state of the magnetic nanoparticles changes dramatically depending on the size and shape of the nanoparticles, the viscosity of their surroundings, and the alternating magnetic field conditions. Also, recent researches show that the influence of magnetic dipolar interactions cannot be neglected in the case of low concentrations of nanoparticles [17] . The following 6. Conclusions Within this paper, we dealt with the mostly used approximations methods for the calculation of long range magnetic dipolar interaction energy. Our aim was to study how these methods influence the Néel relaxation time and the effective relaxation time for a nanofluid.
Usually, when a system includes a relatively low number of nanoparticles, analytical, i.e., "brute force" method is suitable to be implemented. But, when the number of nanoparticles increases dramatically, the time of calculation of "brute force" method seriously rises since its computational complexity equals to O(n 2 ), with n the number of nanoparticles. Therefore, a system with a huge number of nanoparticles (e.g. 10 7 and higher) is difficult to be managed by a single computer, and it needs dedicated resources of calculation to be solved. This is the reason to exploit approximation methods, so that the computational complexity (and thus the time of calculation) can be reduced. Therefore, a comparison with analytical results is useful to establish which kind of approximation method should be exploited, and in which simulation conditions. That is why we restrict the comparison to systems having 10 3 or 10 5 nanoparticles: we aim to establish the usefulness of approximation methods with numbers of nanoparticles which can be handled by usual computing systems, in order to be furtherly exploited for greater numbers of nanoparticles.
Our studies show that the approximation methods affect pretty much the Néel relaxation time, the effective relaxation time, and other quantities of a nanoparticlebased colloidal system. Therefore, a suitable choice of the approximation method is required, in order to have robust results. The choice of the approximation method depends on the condition of the in-study nanofluid, especially if it is saturated or not when an external magnetic field is applied. If it is highly saturated, we can work with the "Approximation 1" (Table IV) .
If the degree of magnetic saturation is lower but magnetic anisotropy axis of nanoparticles are aligned, we can try the "Approximation 3" (Table IV) . The "Approximation 2" (Table IV) is instead efficient at small particle number but shows inefficiency for high number of particles. In order to have a realistic simulated system, we have to accurately assess the approximation conditions when using the methods "Approximation 1", "Approximation 2" or "Approximation 3", since conditions can affect the results. Moreover, the problem of time efficiency of the applied algorithm arises. When the system contains many nanoparticles, the method "Approximation 2" is not computationally efficient in time, being more time consuming than direct summation method (Table IV) . It is possible to note how the results obtained for dipolar magnetic energies by the Ewald summation method and by "brute force" method are very similar. The Ewald summation allows for application of short cut-off distances without the loss of accuracy. In our work, we stated to cut-off parameters in real and Fourier space, as well as the optimal α value, according to the method proposed by [47, 48] . The Ewald summation method has a more constant time efficiency with the increase of the number of nanoparticles. It is due to its intrinsic formulation, since it is a special case of the Poisson summation formula, replacing the summation of interaction energies in real space with an equivalent summation in Fourier space. Therefore, we have a more rapid convergence of the energy than the direct summation. This means that the method has high accuracy and reasonable speed when computing long-range interactions. Moreover, the use of Ewald summation method does not require the knowledge of information about the degree of magnetic saturation, being a general method for the evaluation of magnetic dipole-dipole interactions in the presence of periodic boundary conditions. It also offers a computational efficiency, because the conditionally convergent dipole-dipole interaction energy sum is split into rapidly convergent real-space and Fourier-space series, which are truncated in order to evaluate the energy to a desired accuracy.
